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A theoretical study was made of transient diffusion to a body immersed in  a finite volume of 
well-stirred fluid. The major contribution of this work was the development of a technique for 
solving the problem for a three-dimensional body of arbitrary shape. The solutions are in a 
form that is useful for determining diffusion coefficients in solids by means of the constant- 
volume experimental technique. 

The partial differential equation coupled with the ordinary differential equation describing 
the diffusion process is transformed into a single integral equation in  terms of the solute 
concentration i n  the reservoir. A numerical technique is then presented for solving the integral 
equation. Numerical solutions were computed for the three geometries that possess analytical 
solutions: the infinite slab, the infinite cylinder, and the sphere. By properly choosing the 
step-size numerical results were easily obtained that agreed with the exact solution to  four 
decimal places. 

New solutions were computed for two three-dimensional geometries: the finite cylinder and 
the rectangular prism. A range of shape factors and ratios of the volume of the reservoir t o  
that  of the solid body were employed for each geometry. It was shown that  by selecting the 
ratio of volume to external surface area as the characteristic length of each shape object, 
the solutions for a l l  shapes were brought close together and were identical during the init ial  
part of the transient. 

Previously reported solutions to the problem of transient 
diffusion to a solid object immersed in a finite volume of 
well-stirred fluid as summarized by Crank ( 2 )  have been 
restricted to the simple one-dimensional shapes of an in- 
finite slab, an infinite circular cylinder, and a sphere. In 
the work reported herein a technique was developed to 
allow for arbitrary shapes. 

Diffusive transfer of heat or mass between a solid and 
a limited quantity of fluid is an important phenomena in 
such diverse applications as dying of films and fibers, 
quenching of hot solids, solid-liquid extraction, and batch 
chemical reaction in a porous catalyst. I t  is also the basis 
for the constant-volume technique of determining diffusion 
coefficients in solids by experimentally measuring the rate 
of depletion of solute from a fixed quantity of fluid, during 
sorption by the solid phase. March and Weaver (6) em- 
ployed this technique to measure rates of diffusion of urea 
from solution into a gel; Wagner (8) applied the method 
to investigate diffusion by isotopic exchange between solid 
and gas; Wilson (9) and Crank (3, 4 )  studied the rate of 
diffusion of dye from a dyebath into a film; and, Carman 
and Haul (1) showed that the method gave satisfactory 
results for the rate of adsorption of both butane and argon 
on a sin le Linde silica plug. 

have theoretical solutions that are valid for the particular 
In or % er to use the constant-volume method, one must 
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shape of particle used in the experiments. The diffusion 
coefficient can then be determined to force the experimen- 
tal data to fit the theoretical solution. Use of the technique 
has been handicapped heretofore by the lack of solutions 
for three-dimensional shapes. Questions have frequently 
arisen as to whether unusual experimental behavior was 
due to edge effects or was the result of unexpected phe- 
nomena such as temperature effects, adsorption, or chemi- 
cal reaction. The results of this work should help in re- 
solving some of these questions. 

To simplify the discussion, the problem will be pre- 
sented in terms of the diffusion of a single solute in R 

homogeneous solid phase. The results are directly applic- 
able, however, to heat conduction, to diffusion in a porous 
solid, and to permeation of pure gases and liquids in a 
solid matrix, since all of these systems obey the same gov- 
erning equations in a dimensionless fprm. The results may 
also be applied to the problem of diffusion with rapid ad- 
sorption, if the adsorption isotherm is linear, by using the 
transformation discussed by Wilson (11 ). 

M A T H E M A T I C A L  DERIVATIONS 

Mathemot i ca l  Model 

Consider a solid of arbitrary shape and volume, Vs, 
immersed in a reservoir of well-stirred fluid of volume, VF. 

The concentration, c(r ,  t ) ,  of solute in the solid and the 
& 
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concentration, y ( t )  , of solute in the fluid are described by 
the linear differential equations 

v 2 c = -  - (1)  
1 ac 

D at 

with the boundary conditions: 
for t = 0, within the fluid: y = yi ( 3 a )  
for t = 0, throughout the solid: 
for t > 0, at the solid boundary: 

c = ci (3b) 
c = y ( 3 ~ )  

where D, the effective diffusivity of solute in the solid, is 
constant. These boundary conditions assume that the 
solute distribution in the soIid is initially uniform and that 
there is no mass transfer resistance at the solid-fluid inter- 
face. 

Equation (2) ,  which equates the rate of solute accumu- 
lation in the fluid to the net rate of diffusion across the 
boundary, can be transformed by means of the divergence 
theorem to the equivalent form: 

(4)  

If one defines the following dimensionless quantities: 

Dt/Lz, and R = r/L,  where L is some characteristic length 
of the solid, then Equations (1) and (4) become 

c = ( C  - ~ i ) / ( y i  - ci), Y = (y ci)/(yi - ci), = 
- 2  

with the dimensionless boundary conditions : 

for e = 0, within the fluid: Y = 1 (7a)  

for e = 0, throughout the solid: 

for 8 > 0, at the solid boundary: 

C = 0 (7b)  

C = Y ( 7 c )  

The analytical solutions to the above equations, as sum- 
marized by Crank ( 2 ) ,  for the one-dimensional slab, the 
infinite circular cylinder, and the sphere, give both the 
concentration C(R, 0 )  within the solid, as a function of 
position and time, and the concentration Y (0) in the fluid 
as a function of time. In most practical applications, Y (e) , 
or the net rate of transfer, is all that is of interest. 

Transformation to an Integral Equation 

In the derivation which follows, the problem of solving 
Equations ( 5 ) ,  (6) ,  and (7) will be reduced to the less 
difficult problem of solving a single integral equation for 
Y(0). The method requires only that a solution be avail- 
able to the problem of transient diffusion in the solid alone 
as described by Equation (5) with the boundary condi- 
tions: 

for 0 = 0, within the solid: C=O ( 8 ~ )  

2 

for 0 > 0, at the solid boundary: C = 1 ( 8 b )  

Let F ( x  8) denote the solution to this problem. 
Now, the dimensionless concentration of solute in the 

solid following imposition of an arbitrary time-varying 
surface concentration Y (0)  , that is, with the boundary 
condition (8b)  replaced by 

C = Y (e) (9) for 0 > 0, at the solid boundary: 

is given by the Duhamel integral: 

A 4 

c = C ( R ,  #e) = F ( R ,  e ) y ( e  = 0) 

+ $” YWF(Z, 8 - 0 6% (10) 

where Y’(s) is used to denote dY/@. 
Integrating Equation (6) gives: 

(11) vF(Y(8) - 1) = - cdv 
“S 

Dividing each term in Equation (11) by Vs and rearrang- 
ing yields: 

where 
VF volume of fluid 
VS volume of solid (13) a=--= 

By substituting Equation (10) into Equation (12) we 
obtain 

Now, we denote 

This is an integral equation whose solution Y (8) gives the 
solute concentration in the fluid as a function of time. The 
problem has thus been reduced from that of solving a par- 
tial differential equation coupled with an ordinary differen- 
tial equation to one of solving an integral equation. A 
similar approach was used by March and Weaver (6) to 
derive their analytical solution for an infinite slab. 

The function f (  e )  is the dimensionless, volume-average 
solute concentration in the solid for the case of a constant 
surface concentration. I t  will depend only upon the par- 
ticular shape and the characteristic length chosen in de- 
fining 8. Examples of f ( 8 )  for an infinite slab, an infinite 
cylinder, a rectangular prism, and a sphere are shown in 
Appendix A. The characteristic length and shape factor for 
each geometry considered in this work are shown in Fig- 
ure 1. 
Method of  Presenting Solutions 

In the limit as 8 approaches infinity, C(e) and Y(B) 

Sphere Cylinder Cylinder Rectangular 
h/d 6 I h /d  3 I P r i s m  

I Q 
Shape w = h/d w =  h/d = S 2 / S 1  
Factors w z  = s3/5,  

Characteristic L =  d / 2  L = h/2 L = d E  L = s 1 / 2  
L e n g t h  

Fig. 1. Dimensions, shape factors, and characteristic length for each 
geometry. 
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I I I I I I I I I 1 both approach the same limiting values: 

a c. = Y, = - 
l + f f  

A form of solution, which is convenient for comparison 
with experimental measurements, is the relation between 
M t / M ,  and time, where M t  and M ,  are the net change in 
solute in the solid at time t and time infinity, respectively. 

(18) 
Mt yi -y ( t>  
Mm y4-y. 
-= 

This can also be interpreted as the fractional approach of 
the solute concentration to its steady state value. In terms 
of the dimensionless variables, 

It is also convenient to express (Y in terms of the ratio 

(20) 
1 

l + l Y  
€=-  

which is the fraction of total volume that is occupied by 
solid. Crank ( 2 )  calls this the final fractional uptake, be- 
cause for the case of c; = 0 it is the fraction of total solute 
initially present in the liquid that is finally taken up by 
the solid. The case of e = 0 or a = co corresponds to an 
infinite reservoir in which the fluid concentration does not 
change. For this case Y(8)  = 1 and M J M ,  = f ( 0 )  

NUMERICAL METHOD 

As can be seen from the examples in Appendix A, the 
form of f (  0)  will generally be so complicated that analyti- 
cal solution of Equation (16) is not practical and solutions 
must be obtained numerically. A variety of methods have 
been proposed; most of them are discussed by Noble (7) 
in his review. All of the methods are based upon repre- 
senting the known function, f ( 8 ) ,  and the unknown func- 
tions, Y ( 0 )  and Y'(0), in terms of a set of values, f ,  = 
f (& )  and Y,, = Y(&),  where 8, (n = 0, 1 . . . )  is a set 
of discrete values of the ordinate 6.  It is common to use 
equally spaced ordinates for which On = nae, where A$ is 
the step size. The various numerical methods that have 
been proposed differ in the technique used to solve for 
the unknown set of values Y, such that they approximate 
the true solution to the integral equation. The numerical 
solutions obtained in this work were computed by using a 
slight modification of a method proposed by Laudet and 
0uli.s ( 5 ) .  The method is summarized in Appendix B. 

To test the numerical method, solutions were computed 
for three geometries possessing analytical solutions : the 
infinite slab, the infinite cylinder, and the sphere. The 
effect of the step size is shown in Table 1 in which values 
of M J M ,  are tabulated for an infinite slab with = 0.5. 
The exact analytical solution is tabulated along with values 
for different step sizes. It can be seen that for a step size 

= 0.001, the numerical solution agreed to four decimal 
places with the exact solution except at very small values 
of 8. The accuracy of the solutions for all step sizes im- 

TABLE 1. VALUES OF M t / M ,  COMPUTED FOR AN 
INFINITE SLAB WITH B = 0.50 

Numerical Solutions Exact 
e A8 = 0.10 A8 = 0.01 A8 = 0.001 Solution 

0.005 - - 0.150308 0.150085 
0.20 0.7475 0.7122 0.711645 0.711646 
0.50 0.9234 0.9166 0.916471 0.916476 

D i m e n s I o n I es s Ti me, &-=m 
Fig. 2. Approach to steady state for a cylinder with height equal 

to diameter (w = 1). 

proves as 0 increases. Equally satisfactory results were 
achieved for the other geometries and for all values of 6. 

About 20 sec. of computing time on the IBM 7094 was 
required to compute the solution in Table 1 for A8 = 
0.001. 

SOLUTIONS FOR THREE-DIMENSIONAL BODIES 

Numerical solutions to Equation (16) were obtained for 
thirteen three-dimensional shapes. The shapes included 
finite cylinders with ratios of height to diameter, o 5 

0.0625, 0.25, 0.50, 1.0, 2.0, 4.0, and 16, and rectangular 
prisms with combinations of ratios of the two longest sides 
to the shortest side equal to (1, I ) ,  (1, 16), (2, 2) ,  (16, 
16), (1, 2),  and (2, 16). Tabulations of M t / M ,  are pre- 
sented in Appendix C* for 8 = 0.0001 (0.0001) 0,001 
(0.001) 0.01 (0.01) 0.10 (0.05) 0.50 and e = 0, 0.3, 
0.5, 0.7, and 0.9, The characteristic lengths used in defin- 
ing 8 are shown in Figure 1. 

Illustrative plots of M J M ,  are shown in Figure 2 for 
a circular cylinder with o = 1 and in Figure 3 for a cube 
( 0 1  = 02 = 1) .  These curves show, as expected, that the 
greater the fraction volume occupied by the solid, the 
faster the solute is removed from solution. The diffusion 
coefficient could be determined from experimental data 
by comparing the experimentally observed rate of fall of 
concentration in the solution with the corresponding cal- 
culated curve showing M t / M ,  as a function of dimension- 
less time. 

A much abbreviated table of values of M J M ,  for all 
the shapes used in the calculations as well as the results 
for an infinite slab, an infinite cylinder, and a sphere are 
presented in Table 2. It is interesting to note that for a 
finite cylinder with o = 16 the solution presented here 
approaches that for an infinite cylinder. In fact, for o = 4, 
the present solution is within about 10% of the solution 
for the infinite cylinder, indicating that end effects are not 

'Appendix C has been deposited as document NAPS-00139 with 
the ASIS National Auxiliary Publications Service, c/o CCM Information 
Sciences, Inc., 212 W. 34 St., N. Y. 10001 and may be obtained for 
$3.00 for photoprints or $1.00 for 35mm. microfilm. 
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c 

0 
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I I I 
0 0.5 I .o 2 .o 

Generalized Dimensionless Time, 

Fig. 3. Approach to steady state for a cube (wi = wz = 1). 

great, even for a cylindrical shape whose height is only 
four times its diameter, The solution for o = 1/16 ap- 
proaches the solution for a one-dimensional slab. Clearly, 
this is to be expected as the value of o becomes small. 
The solutions for the cube are close to those for a sphere, 
particularly at low values of final fractional uptake. For 
the rectangular prism with w1 = w2 = 16, the results are 
very close to those for the infinite slab. 

In an effort to obtain a correlation for use with any arbi- 
trary shape, M t / M ,  was plotted versus a generalized di- 
mensionless time, 8' = Dt/a2, where u is the ratio of the 
volume of the solid to its external surface area. The results 
are shown in Figures 4 and 5 for values of c equal to 0 and 
0.5, respectively. I t  can be seen from these figures that the 
curves corresponding to different shapes are brought close 
together with this type of plot. The spread between curves 
for different shapes decreases as the fraction of volume 
occupied by the solid increases. At small time, all the 

I I I I I I 

Finite Cyhnder w = 1.0 

Rectangular wI = 1.0 
Prism wp = 16.0 

I I 
2 '5 - - 0 0 5  1.0 

Generalized Dimensionless Tirne,,/e*=&- 

Fig. 4. Approach to  steady state for e = 0 with dimensionless time 
based on volume-to-surface ratio. 

w 

0 
u ? u ? m u ? q q q q  

0 0 0 0 0 0 0 0 0 0 0 0  
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I I I I I I I I . . .  tion numerically. If the complete concentration distribution 
in the solid is needed, it can be obtained by use of Du- 
hamel's integral as indicated in Equation (10) once the 
integral equation has been solved for Y (8). 

I t  was demonstrated that the numerical method pro- 
posed by Laudet and Oul&s ( 5 )  was satisfactory for solv- 
ing the integral equation. Numerical solutions were ob- 
tained for three geometries possessing analytical solutions: 
the infinite slab, the infinite cylinder, and the sphere. It 
was not difficult to compute solutions which agreed with 
the exact analytical solution to four decimal places. 

To illustrate the techni ue described above, solutions 
for M J M ,  were compute1 for two new geometries: the 
finite cylinder and the rectangular prism. A range of shape 
factors and values of the final fractional uptake were em- 
played for each geometry. These solutions can be used 
directly with the constant-volume experimental method to 
measure diffusion coefficients in solids. 

I t  was shown that by defining a generalized dimension- 
less time 8' based on the ratio of volume to external sur- 
face area as the characteristic length, the solutions for 
M J M ,  vs. 8' for all of the shapes were brought close to- 
gether. The solutions coincide in fact during the initial part 
of the transient. 

Fig. 5. Approach to steady state for e = 0.50 with dimensionless 
time bosed on volume-to-surface ratio. 

curves coincide. Physically this can be explained by the 
fact that at small time when there has been little penetra- 
tion of solute into the solid, three-dimensional effects are 
unimportant and the surface area is all that matters. 

The diffusion coefficient for a solid with arbitrary shape 
could be determined by carrying out an experiment for a 
short period of time and comparing the results with any 
available theoretical solution for which M t / M ,  is plotted 
vs. 8'. In order to have an idea of the maximum actual 
time which still satisfies the notion of short time, consider 
an arbitrary shape with (r = 1 cm. From Figures 4 and 5,  
one sees that the curves for all shapes coincide up to 8' 
= 0.2. For a diffusion coefficient of 10-5 sq.cm./sec., the 
actual time could be as long as 4,000 sec., which would 
provide a sufficient time for accurate experimental mea- 
surement of the solute concentration. I t  can be seen from 
Figures 4 and 5 that the curves for objects of similar 
shape tend to lie close together. The solutions for shapes 
similar to that of a sphere (for example, the cube or cylin- 
der with o = 1) form the lowest branch of the family of 
curves; the solution for the infinite slab is the highest 
branch of the family; and that for the infinite cylinder is 
in the middle. This suggests that with some caution, an 
approximate solution for M t / M ,  vs. 8' might be con- 
structed for an arbitrary shape by judiciously interpolating 
between the curves for similar shapes on a plot such as 
Figure 4 or 5. It  appears that this type of approximation 
would be valid to within about 10%. 

SUMMARY AND CONCLUSIONS 

A new approach has been used to treat the problem of 
transient diffusion to a body immersed in a well-stirred 
reservoir. It was shown that the partial differential equa- 
tion coupled with an ordinary differential equation could 
be reduced to a single integral equation in terms of the 
solute concentration in the reservoir. All that is required 
is that a solution for the geometry in question be available 
to the uncoupled problem of transient diffusion in the 
solid body alone exposed to a constant surface concentra- 
tion. This solution need not necessarily be analytical; a 
numerical solution, or even the results from an experimen- 
tal analog will do as well, since only tabulated values of 
the function f ( 0 )  are required to solve the integral equa- 
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NOTATION 

c = concentration of solute within the solid body 
C I dimensionless concentration of solute within solid 

D = diffusion coefficient in the body 
d = diameter of cylinder or sphere 

dS = vectorial differential element of surface area 
dV = differential element of volume 
f ( e) = dimensionless volume-average solute concentration 

in the solid, defined by Equation (15), for transi- 
ent diffusion in the solid alone exposed to a con- 
stant surface concentration 

f , (B )  = f(8) for an infinite cylinder, see Equation (A2) 
f s ( B )  = f ( B )  for an infinite slab, see Equation (A3) 
F = volume-average solute concentration in the solid 

alone exposed to a constant surface concentration 
h = height of cylinder 
J ,  
L 

M t  

M ,  

body, (C - ci)/(yi - ci) 

-2. 

= Bessel function of the first kind 
= characteristic length of solid body, see Figure 1 

= mass of solute transferred from reservoir to the 

= mass of solute transferred from reservoir to the 

r = vector denoting position within the solid body 

R = dimensionless vector denoting position within the 

81, s2, s3 = length of sides of rectangular prism (sI = 

t = time since the solid body was immersed in the 

= solute concentration in the reservoir ! = dimensionless solute concentration in the reser- 

Y' = derivative of Y(e )  with respect to its argument e 
VF = volume of fluid reservoir 
VS = voIume of solid body 

for definition applicable to each geometry 

solid body at time t 

solid body at time infinity 
2 

2 

solid body 

length of shortest side) 

reservoir 

voir, (y - cJ/(yi - CJ 
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Greek Letten 
a 
8, 
A6 

Vz = Laplacian operator 
E 

6 = dimensionless time, Dt/Lz 
6’ = generalized dimensionless time, Dt /G 
E = dummy variable used in integration 
u = ratio of volume of solid body to its external surface 
o = ratio of height to diameter of a cylinder 
w1, 02 = ratios of the two longest sides to the length of the 

shortest side of a rectangular prism 

Su bscripts 

i = initial 
CQ 

= ratio of volume of fluid to volume of solid 
= root of Jo( ,Sn)  = 0 
= step size in 6 for use in numerical solution of in- 

tegral equation 

= fraction of the total volume occupied by solid, de- 
fined by Equation (20) 

= limiting value as time approaches infinity 
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APPENDIX A 

The function f f e )  was obtained by performing the integra- 
tion indicated in Equation ( 1 5 )  using available (2)  solutions 

for F ( R ,  e )  for each geometry. Derivations for the finite 
cylinder and rectangular prism were greatly facilitated by use 
of the Neuman product technique. See Figure 1 for specifica- 
tion of the characteristic length in the definition of e for each 
geometry. 

Sphere 

2 

Infinite cylinder 

APPENDIX B 

The numerical method proposed by Laudet and Ou1i.s ( 5 )  
is very similar to the Runge-Kutta methods commonly used 
for numerical solution of ordinary differential equations. The 
pertinent equations used to compute the solutions reported 
herein are outlined in this appendix. The equation to be 
solved is : 

denote 8, = n h ,  t m  = mh, fm,n = f ( 8 n  - Em) 

Y n =  Y(nh) ,Yn=Y’ (nh) ,G ,=G(nh)  

To simplify this notation in this appendix only, h is synony- 
inous with the step size A@. 

The followingspecial set of equations is used to calculate 
Y1 = Y ( h ) .  

Define: 
h =  
k l  = 
kz = 
k3 = 
k4 = 
k5 = 

with: 

Yo = 

y’1 = 

r; = 

Y3 = 

y14 = 

y15 = 

and 

Yo = 

Y1 = 

Yz = 

Y3 = 

Y4 = 

Y5 = 

Ye = 

then 

Y1 = 

- - 
- 
w 

- - 
- 

- 
Y ( h )  = Y o  

To compute Y, = Y ( m h )  for m > 1, one of the following 
equations is used depending upon whether m is even or odd. 

m = 2,4, 6 . .  , (even): 

Ym = Gm - ( h/6 1 (Y’ofm,~ + 4Y’lfm,1 + 2Y’zfm.z . * . 
+ 4Yfm-3fm,m-3 + Y’m-2fm.m-2) 

- (h /6)  (Yrn-~fm,m-2 + 4Yfrn-1fm,m-1 + Y’n~fm,m) 

m = 3 , 5 , 7 . .  . (odd): 

Ym = Gm- (h/6)(Y‘ofm.o + 4Ylfm,l + . . . + 4Y’m-4fm.m-4 

+ Y’m-3fm.m-3) * (3h/8)(Y’m-3fmirn-3 + 3y’m-2fm.m-2 

+ 3Y’m-1fm,m-1 + Y’mfm,m) 

The derivatives are approximated as 

Yo = (Y1- Yo)/h 

Y’k = ( Y k + l  - Yk-1)/& ( k  = 1 . . . TF%- 1 )  

Note that f,,, = f ( 0 )  = 0 and, hence, Y’m is never required. 
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